This paper reports on a study of transient ignition and combustion of hydrogen/air mixtures by a heated, thin catalytic wire in a natural convection environment. Modeling of the process is accomplished via a reduced set of heterogeneous kinetic processes which include dissociative adsorption and desorption of both reactants, three fast surface reactions of the Langmiur-Hinshelwood type, and the desorption reaction of the adsorbed product, H 2 O(s). The overall surface reaction rate is found to be limited by the adsorption rate of molecular oxygen, which depends on the concentration of molecular oxygen close to the surface of the wire and the distribution of empty sites in the catalyst. The analysis allows the determination of the critical conditions for ignition and the ignition delay time as a function of the important physicochemical parameters. The resulting wire temperatures and the critical value of the external heating rate at ignition are computed. The analysis shows how the ignition temperature increases as the external heating rate increases. The configuration dependence of the ignition temperature is taken as an indication that the use of a critical Damkö hler number provides a better ignition condition than the ignition temperature concept. A self-sustained combustion regime for strong diluted mixtures is described.
Introduction
The catalytic combustion of hydrogen mixtures is of interest because it represents one of the simplest surface reaction schemes, with only a few reaction steps. It is also of practical importance, among other reasons because the catalytic removal of molecular hydrogen in nuclear plants may alleviate one of the main concerns in nuclear power safety. Typically, catalytic combustion processes have been studied either by numerical simulations using elementary chemistry [1] [2] [3] [4] [5] [6] [7] [8] [9] or by large activation energy asymptotic analyses using a one-step overall reaction mechanism [10] [11] [12] [13] [14] . Williams et al. [1] proposed a model for the catalytic combustion of hydrogen at high temperatures. These authors presented the rate parameters for the detailed surface chemistry. Warnatz and coworkers [2, 3] studied the catalytic combustion and ignition of hydrogen using detailed kinetic mechanisms for both surface and gas-phase reactions. Deutschmann et al. [4] studied the catalytic ignition of different fuels on different catalyst materials. In their numerical simulations, they showed that one or the other reactant almost covers the surface before ignition. In a series of experiments with very thin catalytic wires, Fassihi et al. [5] and Rinnemo et al. [6] determined the critical ignition temperature of hydrogen mixtures as a function mainly of the mixture ratio. These experiments were carried out with a low Reynolds number forced flow or with no flow at all. Other experiments by Behrendt et al. [7] and Fernandes et al. [8] addressed the critical temperature issue in a high Reynolds number stagnation flow configuration. The differences between the two sets of experimental results reveal a lack of universality of the ignition temperature concept and the need of a more profound understanding of the problem.
Treviñ o [15] presented an asymptotic analysis of catalytic ignition in the absence of an external energy supply, using a simplified model for the heterogeneous chemistry in a stagnation-point flow. The ignition in this case is reached by increasing the temperature of the combustible gaseous mixture. The analysis of Ref. [15] gives critical conditions for ignition that show in closed form the influence of the parameters affecting the ignition process. The results of Ref. [15] also demonstrate that ignition can be well modeled by a simple one-step global surface reaction with an activation energy that depends strongly on the dissociative character of the adsorption/desorption kinetics and with reaction orders equal to unity for the less efficiently adsorbed reactant and negative for the most efficiently adsorbed reactant. Using the same methodology, Treviñ o et al. [16] studied the autoignition of hydrogen mixtures on a thin catalytic wire under conditions of natural and forced convection. They deduced the critical conditions for ignition as represented by a critical Damkö hler number instead of using a critical ambient temperature.
The objective of the present work is to extend the analysis of Ref. [16] to include an external energy input to the wire (Joule effect) and to obtain the critical conditions for ignition in a transient process. The main objective is to obtain the critical minimum external energy per unit length of wire necessary to produce ignition. Ignition is characterized by an interplay between heat generated by the surface reactions and heat loss to the ambient. The global reaction rate and the heat loss are to be obtained as functions of the physicochemical parameters involved.
Formulation
The physical problem under study is the following. A combustible mixture of H 2 and O 2 diluted in nitrogen, with mass fractions and and tem-
perature T ϱ , is in contact with a horizontal catalytic wire of radius a initially at temperature T ϱ . Starting at a time t ‫ס‬ 0, a certain heat, q e , per unit time and unit length of the wire is added externally by means of the Joule effect associated with the passage of an electric current through the wire. This heat increases the temperature of the wire, inducing a natural convection flow in the gas around the wire; and it may lead to ignition of the surface catalytic reactions. Assuming that the temperature of the wire is uniform and that the response of the gas phase is quasisteady, which will be justified below, the energy equation for the wire takes the form
where q w and c w are the density and the specific heat of the wire and T w is its temperature. The three terms on the right-hand side of equation 1 represent the heat added externally, the heat released by the surface reactions, and the heat lost by natural convection to the surrounding gas, all given per unit time and unit length of wire. Q is the heat released per mole of molecular hydrogen consumed through the global surface reaction H 2 ‫ם‬ 1/2O 2 r H 2 O, and x is the surface reaction rate in units of mole of molecular hydrogen consumed by unit time and unit surface of the wire. From the stoichiometry of the global reaction, the molar consumption rate of molecular oxygen is ‫ס‬ x/2, and ‫ס‬ ‫מ‬x.
Heat and Mass Transfer in the Gas
In the third term of equation 1, k is the thermal conductivity of the gas and Nu and Ra are the Nusselt and Rayleigh numbers, defined by
where q is the conduction heat flux from the wire surface to the gas, g is the gravity acceleration, and m and ␣ are the kinematic viscosity and the thermal diffusivity of the gas. The following relationship between Nu, Ra, and the Prandtl number, Pr, derived in Ref. [17] for Rayleigh numbers of order unity or smaller will be used in what follows: expressed in terms of the surface reaction rate by solving the chemically frozen gas-phase species conservation equations. The result is
kNu where x i and W i are the molar consumption rate and molecular weight of species i, c p is the specific heat of the gas at constant pressure, and B i is a function of the Lewis number Le i which was determined in Ref. [17] phase reactions are neglected, which is justified for low temperatures of the wire and dilute mixtures. The characteristic time of conduction across the wire is t w ‫ס‬ a 2 /␣ w , where ␣ w is the thermal diffusivity of the wire. The conduction or diffusion time in the gas around the wire, which is the relevant response time of the gas when Ra ‫ס‬ O(1) or smaller, is t 0 ‫ס‬ a 2 /␣. Finally, the characteristic time of heating of the wire for values of q e of the order of the critical value leading to ignition is, from the balance of the left hand side and the last term of the right hand side of equation 1, t e ‫ס‬ q w c w a 2 /k. Here, a factor of Nu has been left out because the Nusselt number is never far from O(1) in the conditions of interest. The ratios t w /t e and t 0 /t e are small, on the order of 10 ‫3מ‬ when evaluated with typical values of the magnitudes involved, which justifies the assumptions of uniform wire temperature and quasi-steady gas phase used in equations 1 and 4.
Heterogeneous Reaction Model
A model for the rate of consumption of the reactants as a function of the physicochemical parameters involved is required to complete the formulation of the problem. The simplified mechanism of Ref. [4] for the reaction of hydrogen and oxygen on a palladium catalyst, which is summarized in Table 1 , will be used for this purpose. Reactions 3r-5r are surface reactions, assumed to be of the Langmuir-Hinshelwood type. Pd(s) denotes free sites on the surface of the palladium catalyst, and the concentrations of the adsorbed species are represented by their surface coverage h i , defined as the ratio of the number of sites occupied by species i to the total number of sites available. The rates of the surface reactions 3r-5r are 
RT with the pre-exponential factors and activation energies of Table 1 . In addition, C Ӎ 1.6603 ‫ן‬ 10 ‫9מ‬ mol/cm 2 is the surface molar concentration of active sites and R is the universal gas constant.
Reactions 1, 2, and 6 are adsorption/desorption reactions. The pre-exponential factors and the activation energies in rows 1, 2, and 6 of Table 1 apply to the desorption reactions 1d, 2d, and 6d, which are well represented by Arrhenius kinetics. Their rates are x 1d ‫ס‬ x 2d ‫ס‬ and
6d 6d is the Avogadro constant. Therefore,
RT
where W is the molecular weight of the mixture. The consumption rate of molecular hydrogen is x ‫ס‬ ‫מ‬ A similar equation can be 2 2 C(k h k h ). 
which implies a relation between the surface coverage of empty sites and the surface coverage of H(s):
Insofar as h O , h OH , and are small compared h H O 2 with unity (see comments below), their contribution to the total surface coverage can be neglected and h H ‫ם‬ h v Ϸ 1. This relation together with equation 9 determines h v Ϸ K/(1 ‫ם‬ K) and then, from equation 8, 
This means that the overall surface reaction rate depends strongly on the temperature in the wire and the reactant concentrations at the surface of the wire.
Further Comments
The problem to solve consists of equations 1, 4, and 10, with the Nusselt number given by equation 3. The elements of the formulation related to the kinetics of the surface reactions, which are summarized in equation 10, are generic insofar as the model of Ref. [4] is adopted. The elements related to the heat and mass transfer in the gas, in equations 1-4, 11, is plotted in Fig. 1 as a function of the temperature of the wire for ‫ס‬ 0.3 and a highly diluted mixture, with 9 times more nitrogen in volume than in normal air. Also plotted in this figure is the value of the externally added heat, q e (T w ), that is required to keep a stationary state (dT w /dt ‫ס‬ 0 in equation 1.) with the assumed wire temperature. Negative values of q e mean that heat should be evacuated from the wire. The local maximum of the curve, at q e ‫ס‬ q c ‫ס‬ 0.07319 W/cm in this particular case, corresponds to ignition. The middle branch, with negative slope, is a branch of unstable solutions. The rightmost root of q e (T w ) ‫ס‬ 0 , on the third branch of the curve, determines the temperature of the wire in self-sustained stationary combustion. The curve q e (T w ) shifts upward when the dilution is increased, until extinction occurs when the minimum of the curve gets into the region of q e Ͼ 0. Figure 2 shows the surface coverage of the adsorbed species as functions of the temperature of the wire for the same conditions of Fig. 1 . These results are obtained from the equilibrium conditions 2x ‫מ‬ 2x ‫מ‬ x ‫מ‬ x ‫ס‬ 0 1a 1d 3 4 2x ‫מ‬ 2x ‫מ‬ x ‫ם‬ x ‫ס‬ 0 2a 2d 3 5 x ‫מ‬ x ‫מ‬ 2x ‫ס‬ 0 (12)
As was advanced before, h O , h OH , and are very h H O 2 small compared with unity at any temperature of the wire. The dependence of h H and h V with T w can be Fig. 3 . Critical temperature for ignition, T c , as a function of the equivalence ratio. The considered initial temperature of the wire and mixture was T ϱ ‫ס‬ 300 K, and the palladium wire diameter was 2a ‫ס‬ 0.0127 cm. traced to equation 9. The large activation energy of reaction 1d makes the desorption of H(s) very slow at low temperatures, so that h H Ϸ 1. The fraction of empty sites increases with temperature, and a crossover temperature exists at which h H ‫ס‬ h V Ϸ 1/2 and above which the coverage of H(s) decreases rapidly and h V approaches unity.
The overall reaction rate (equation 8) increases with h V , and therefore, in actual evolution, the nonlinear feedback due to the exothermicity of the surface reactions is prone to lead to a thermal runaway, wherein the system jumps abruptly from a nearly frozen or weakly reactive state to a state of vigorous combustion, with an important change in the wire temperature.
Radiative heat losses have been left out of the formulation. The importance of radiative losses from the wire relative to conduction losses is measured by the Boltzmann number where r is the Ste-3 raT /k, w fan-Boltzmann constant. This number is very small, on the order of 10 ‫2מ‬ for thin wires at the temperatures typical of ignition (say a ϳ 0.01 cm and T w ‫ס‬ T c ϳ 340 K). Radiation may be important at the temperatures of stationary self-sustained combustion, but even then, it leads only to moderate changes of the final temperature of the wire.
Ignition
The condition dq e /dT w ‫ס‬ 0, at the maximum of q e (T w ) in Fig. 1 , defines the critical temperature for ignition. With q e (T w ) given by the stationary form of equation 1, this condition is Qadx/dT w ‫ס‬ k[Nu ‫ם‬ (T w ‫מ‬ T ϱ )dNu/dT w ]. The right-hand side can be evaluated immediately using equation 2 and 3. The result is kNu(1 ‫ם‬ G), with
The evaluation of dx/dT w can be simplified using the approximations 32 where the subscript ''c'' denotes variables evaluated at the critical temperature T w ‫ס‬ T c . The critical temperature is plotted in Fig. 3 as a function of the equivalence ratio for a wire of diameter 2a ‫ס‬ 0.0127 cm and T ϱ ‫ס‬ 300 K. The critical external heat q c ‫ס‬ q e (T c ) is plotted in Fig. 4 together with some other important parameters. The effect of the reactant consumption on the critical temperature can be accounted for by computing the values of and at ignition from y y 
Self-Sustained Combustion
The temperature of the wire in stationary self-sustained combustion is often sufficiently higher than the crossover temperature introduced in the paragraph following equation 12 that K k 1 and the approximation h V Ϸ 1 can be used in the rightmost term of equation 8. Then, the second equality in equation 11 gives 
Conclusions
Numerical and asymptotic techniques have been used in this work to describe the transient ignition and combustion of a diluted mixture of hydrogen and air using an externally heated thin palladium catalytic wire. There is a critical external thermal energy per unit length of the wire below which no catalytic ignition is possible. Using this critical external energy, ignition is achieved for a wire temperature which increases with the equivalence ratio as shown in Fig. 3 , in agreement with previously reported experimental results [18, 19] . However, if the external energy input is increased to values larger than the critical one, the resulting wire temperature at ignition is not only a function of the equivalence ratio of the mixture but also of the parameter c, which measures the departure from the critical external energy input. Therefore, for a given parametric set, including the ambient temperature and diameter of the wire, the wire temperature at ignition increases also as the external heat input also increases. Fig. 7 shows this wire temperature at ignition as a function of c, for three different values of the equivalence ratio. This is a clear indication that the temperature at ignition is not unique and depends on how the ignition conditions are reached. A better indication of the ignition conditions should be given by a Damkö hler defined as in the left-hand side of equation 14.
